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We study integrations over light-cone momenta in the gauge invariant effective action of high energy QCD. A 
regularization mechanism which allows for the evaluation of the longitudinal integrations is presented. After a 
rederivation of the reggeized gluon and the BFKL-equation from the effective action, we study the 1 — 3 and 2 — 4 
reggeized gluon transition vertex of QCD Reggeon field theory and discuss their connection with the usual triple 
Pomeron vertex of perturbative QCD. 



1. Introduction 

In 1995 an effective action [T) for QCD scat- 
tering processes at high center of mass energies 
yfs has been proposed by L.N. Lipatov which de- 
scribes the interaction of fields of reggeized glu- 
ons {A± = —it a A± ) with quark (ip) and gluon 
(v^ — — it a v^) fields, local in rapidity. The 
effective action reads 

S e ff= J d 4 x(£ QCD (w A1 , ip) + £ind(v±,A±)), (1) 

where £qcd is the usual QCD-Lagrangian and 

£ ind (v ± ,A ± ) = ti[(A_(v)-A_)d 2 A + } 

+tr{(A + (v)-A + )d 2 A_}) (2) 

is the induced term with 

A±(v) = v±DZ 1 d± = 

= v± - gv±—v± + g v±—v±—v± - . . . (3 
d± d± d± 

Light-cone components are defined by = rt* -k 
where are the light cone directions associ- 
ated with the scattering particles. The reggeized 
gluon fields A± are bare reggeized gluons with 
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trajectory j(t) — 1, while reggeization occurs as 
a higher loop correction. The fields A± have 
the special property to be invariant under local 
gauge transformations, even though they trans- 
form globally in the adjoint representation of 
SU(N C ). The effective action allows then to fac- 
torize high energy QCD amplitudes into gauge 
invariant pieces which themselves are localized 
in rapidity. In particular, the interaction be- 
tween particles and reggeized gluon fields, is by 
definition restricted to a small rapidity interval 
Ay < 77, while all non-local interaction, which 
extends over rapidity intervals AY > rj, is medi- 
ated by reggeized gluons. 

Due to these properties the effective action 
promises to be a suitable tool to study both 
higher order corrections to the BFKL-equation 
and unitarization of the BFKL-Pomeron. How- 
ever, due the factorization of high energy QCD 
amplitudes into pieces local in rapidity, Y = 
ln(fc + //c~)/2, loop integrals over (longitudinal) 
light-cone momenta take a special role in the 
effective action. In particular, longitudinal in- 
tegrals require additional regularization as other- 
wise the locality principle of the effective action is 
violated. Transverse integrals on the other hand 
may be treated by conventional methods. Fur- 
thermore, there exists sometimes the danger of 
overcounting certain parts of the underlying QCD 
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Figure 1. (a) QCD 1-loop diagrams that yield the 
leading logarithmic contribution. Their leading 8a- 
sector is in the effective action shifted to the loop- 
correction of the reggeized gluon (b). 



amplitude within the effective action which can 
then lead to the occurrence of divergent integrals. 
In Sec[2]we demonstrate how these points can be 
addressed in the context of quark-quark scatter- 
ing within the Leading Logarithmic Approxima- 
tion (LLA). In SecElwe apply the obtained rules 
to the derivation of reggeized gluon transition ver- 
tices and compare them with previous results. 

2. The reggeized gluon and the BFKL- 
Pomeron in the effective action 

The Lagrangian of the effective action, Eq. JTJ , 
consists apart from the usual QCD Lagrangian of 
the induced term, Eq. ([2]). This additional term 
leads in the effective action to a redistribution 
of the antisymmetric color octet sector, 8^4, of 
the underlying QCD Feynman diagrams. A 1- 
loop example for such a re-distribution is shown 
in Fig. [TJ There, in the effective theory diagram 
Fig. [TJb, the coupling of the reggeized gluon to 
the gluon loop takes place by the induced vertex 
~9 v ±~l^ v ±d 2 A T which arises from Eq. (JU). The 
diagram Fig. [TJb is of particular importance in the 
effective action, as it yields the 1-loop correction 
to the trajectory of the reggeized gluon. In or- 
der to evaluate the resulting (longitudinal) loop- 
integrations of Fig. [TJb, it is necessary to take 
into account that the exchange of the reggeized 
gluons demands the squared center-of-mass ener- 
gies s± and S2 of the regarding sub-amplitudes to 



be large, i.e. a corresponding lower bounds needs 
to be imposed. A simple lower cut-off however 
misses the imaginary part of Fig. [TJb. It is there- 
fore necessary to use a more elaborated method 
of regularization. A suitable choice turns out to 
be the following Mellin-integral 
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where we take the parameter v > in the limit 
v — ► 0. In the above expression, — v has the in- 
terpretation of an infinitesimal small Regge tra- 
jectory, while the integration variable oj takes the 
role of complex angular momentum. This kind 
of regularization has the great advantage that it 
allows to take into account in a rather straight for- 
ward way phases in S\ (and therefore also imag- 
inary parts). In particular, negative signature of 
the reggeized gluon is made explicit. Making use 
of Eq. ([4}, the diagram Fig. [TJb can be evaluated 
and we obtain within the LLA the well-known 
result for the reggeized gluon at 1-loop: 

ln(— s) + Ins 



^FigfflbOM) = M itea (s,t)0(ty 



(5) 



Here Mtree is the quark-quark scattering ampli- 
tude at tree-level and (3(t) is the well-known 1- 
loop correction to the gluon trajectory. Resum- 
mation of diagrams like Fig. [JJb, with an arbi- 
trary number of gluon loops inserted, yields then 
within the LLA the all order reggeized gluon 
with negative signature. The leading contribu- 
tion of the i-channel exchange with positive sig- 
nature arises on the other hand from the exchange 
of two reggeized gluons. Typical diagrams with 
two reggeized gluon exchange that arise from the 
effective action at 1-loop are shown in Fig. [2] 
Taking a closer look on the resulting expressions 
and comparing them with the underlying QCD 
graphs, Fig. [TJa, it turns out that they all con- 
tain a term which occurs already in the diagram 
Fig. [TJb. Moreover, due to the simplified struc- 
ture of the reggeized gluon propagator in the di- 
agrams Fig. [51 this term leads for every individ- 
ual diagram to a divergence in the longitudinal 
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Figure 2. Typical diagrams with exchange of two 
reggeized gluons in the effective action. 



Figure 3. BKP-state of three reggeized gluons with 
the number of reggeized gluons in the t-channel con- 
served. 



part of the loop integral. While in the case of 
two reggeized gluon exchange this problem can 
be cured by a principal value prescription (see 
for instance [2]), such a procedure turns out to 
fail if states with more than two reggeized gluon 
are considered. A suitable way to deal with this 
problem is therefore to remove the overcounted 
terms completely from the regarding diagrams. 
For general diagrams that contain the exchange 
of n reggeized gluons, this can be achieved by sup- 
plementing the Lagrangian of the effective action 
by a term 



£ supp (A + ,A_) = -2£ ind (A±,A±). 



(6) 



Note that adding such a term is not in conflict 
with the original derivation of the effective action. 
With this term we obtain for the exchange of two 
reggeized gluons the following result 



-12 



A 



(2,0)' 



(7) 



which carries explicitly positive signature. There, 
the two (reggeized) gluon impact factor A^^j, is 
given by 



A (2,o) -~9 2 \W d +d 1 



AA' 



(8) 



while 



•'12 



The state of two 



reggeized gluons couples therefore in the color 
singlet, 1, and the symmetric color octet, 8s, 
to the quark, while the 8A-sector decouples and 
is contained in the single reggeized gluon ex- 
change. Higher order corrections within the LLA 
include apart from loop corrections to the individ- 
ual reggeized gluons, Eq. ([5]), also the interaction 
between the reggeized gluons, which yields the 




Figure 4. Transition of 1 to 2 and 1 to 3 reggeized 
gluons inside the elastic quark-quark scattering am- 
plitude. 



(real part) of the BFKL-kernel. Resumming both 
types of corrections within the LLA, the famous 
BFKL-equation is re-obtained. The color singlet 
sector then yields the BFKL-Pomeron, while in 
the 8s sector further reggeization occurs. Unlike 
the 8A-reggeized gluon, the 8s-Reggeon is not 
a fundamental degree of freedom in the effective 
action, but arises as a state of two reggeized glu- 
ons. 

3. Vertices in QCD Reggeon field theory 

Beyond the state of two reggeized gluons, one is 
at first lead to so-called BKP-states i.e. states of 
n reggeized gluons, with the number of reggeized 
gluons in the i-channel conserved. Within the 
LLA the reggeized gluons interact pairwise by 
the BFKL-Kernel, see Fig. 02 and the whole sys- 
tem is known to be integrable in the large N c 
limit. In a next step one should further take 
into account transition vertices which change the 
number of the reggeized gluons in the t-channel. 
With the rules for longitudinal integrations in- 
troduced above, the effective action can be used 
to derive these vertices. As pointed out by Gri- 
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bov in [5] , signature is conserved within the elas- 
tic scattering amplitude. Generally, odd num- 
ber state of reggeized gluons carry negative sig- 
nature and even number states of reggeized glu- 
ons positive signature. The transition of one to 
two reggeized gluons, Fig. [4] contradicts therefore 
signature conservation. At 1-loop this require- 
ment turns out to be automatically fulfilled in 
the effective action, as the one-to-two transition 
vanishes inside the elastic scattering amplitude. 
The transition from one-to-three reggeized gluons 
is on the other hand allowed by signature con- 
servation and a non-zero transition vertex t/i_>3 
can be derived from the effective action. A sim- 
ilar result holds for the transition from two-to- 
three an two-to-four reggeized gluons. While the 
former vanishes if inserted in the elastic scatter- 
ing amplitude, the latter is allowed by signature 
conservation and yields a non-zero vertesn, ^2^4 ■ 
The transition vertex U^^a has however no good 
infrared properties, not even if restricted to the 
overall color singlet. Good IR-behavior is only 
obtained if one takes into account the complete 
set of diagrams that yield a state of four reggeized 
gluons in the i-channel, Fig. [5] The four reggeized 
gluon state coupling directly to the quark can be 
shown to yield (in the overall color singlet) further 
reggeization in the symmetric color sector plus a 
term which takes the form of another two-to-four 
transition: 




Combining this extra term with the two-to-four 
reggeized gluon vertex E/2-»4, one obtains the 
vertex V^->4: 




This vertex V2— >4 is well known from the study of 
the triple discontinuity of a six-point amplitude 

2 For explicit results we refer the reader to [2] 




Figure 5. The state of four reggeized gluons in the 
t-channel may either arise from four reggeized gluons 
which couple directly to the quark and then inter- 
acted pairwise by the BFKL-Kernel and from a two- 
to-four transition. 



in [5] and is in particular infrared finite. Project- 
ing pairs of reggeized gluons on the color singlet, 
V2^4 yields then the triple Pomeron vertex. 

In this contribution we presented a set of rules 
which allows to carry out longitudinal integra- 
tion in the effective action, Eq. {1}. These rules 
have been successfully applied to the derivation 
of reggeized gluon transition vertices from the 
effective action within the LLA and the obtained 
expressions are in agreement with earlier results. 
Future research should concentrate on extending 
these rules beyond the LLA. 
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